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Abstract
On a complex manifold we introduce the formal extension of the
Whitney functor and the polynomial extension of the tempered co-
homology functor, and prove a natural topological duality between
them.
1 Introduction
In [8], Kashiwara and Schapira introduced the Whitney and the tem-
pered cohomology functors on the subanalytic site Xsa associated to a com-
plex manifold X , giving a meaning to C∞,wXsa and to O
w
Xsa
(Whitney C∞ and
holomorphic functions), to DbtXsa and to O
t
Xsa
(tempered distributions and
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tempered holomorphic functions) as sheaves (in the derived sense) on Xsa.
We also refer to [3] for a detailed study on sheaves on the subanalytic site.
Let DX denote the sheaf of linear differential operators on X .
The duality theorem of Kashiwara and Schapira (Theorem 6.1 of [8])
states that taking global sections of the Whitney functor gives a complex
of topological C-vector spaces of type FN, in duality with the complex of
compactly supported sections of tempered cohomology, this last complex
being of topological DFN type. Thus they generalized to the framework
of DX -modules the classical duality between C∞-functions and distributions
with compact support.
Influenced by several papers on Deformation Quantization, it became a
natural question to extend various results in D-Module theory to the case of
the formal extension of DX by a parameter ~, that is, to DX [[~]]-modules.
We refer, in particular, [1] and [2].
In this paper, we are interested in extending the above described topologi-
cal duality to this new framework. The topological space C[[~]] is a FN space.
Its topological dual is classically known as the space C[~], but here, as we shall
show, it is more natural to consider its dual as being the quotient of the frac-
tion field C((~)) by C[[~]], C((~))/C[[~]], which will be denoted C[~] for short.
Clearly C[~] is isomorphic (as a C[[~]]-module with torsion) to the polynomial
ring C[~−1] with the relations ~× 1 = 0, ~× ~−1 = 0, ~× ~−j = ~−j+1, for
j > 1. For f ∈ C~ and g ∈ C[~] the duality is then given by 〈f, g〉 = Res~=0fg.
We shall need to work with the (left) derived functor of the tensor product
of sheaves of C~-modules by the C~-module C[~]. The extension (of a C[[~]]-
module) by C[~] will be called “polynomial extension” for short.
After reviewing notations and necessary results on the subanalytic site
in Section 2 and on topological duality in Section 3, Section 4 is dedicated
to introduce and study the formal extension of the Whitney functor, as a
functor on the category of R-constructible objects over C~. Inspired by the
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formal extension of the functor of tempered cohomology performed by [1], we
use the theory of sheaves on the subanalytic site and define the sheaves C∞,w,~Xsa
(of Whitney C∞,~ functions) and Ow,~Xsa (of Whitney holomorphic functions)
on Xsa.
Section 5 is dedicated to introduce and study the polynomial extension
functor. Namely, we introduce the notion of cohomologically ~-torsion object,
as a kind of dual of the notion of cohomologically ~-complete introduced in
[9]. We construct the polynomial extensions of tempered cohomology on the
category of R-constructible objects over C~, following the same technique as
in the preceding section, and we define the sheaves Db
t,[~]
Xsa
and Ot,[~]Xsa .
We obtain comparison results (cf. Proposition 4.7, Proposition 5.14) for
formal and polynomial extensions of regular holonomic D~-modules as an
application of the results in [8].
In Section 6 we state and prove the topological duality in the framework
of the new functors. More precisely, in Proposition 6.1 we prove that taking
global sections of the formal extension of the Whitney functor still leads to a
complex of FN spaces, and that taking compactly supported sections of the
polynomial extension of the tempered cohomology still leads to a complex
of DFN spaces. Moreover we obtain a topological duality between these
complexes.
Theorem 6.2 establishes the topological FN type of the complex of so-
lutions of coherent D~X-modules with values in the formal extension of the
Whitney product, as well as the DFN type of the complex of compactly
supported solutions of coherent D~X-modules with values in the polynomial
extension of the tempered holomorphic functions. By Proposition 2.1 these
complexes are mutually dual.
It is a pleasure to thank M. Kashiwara and P. Schapira for their en-
lightening suggestions. We also thank Luca Prelli for his comments on the
subanalytic site and Stephane Guillermou for useful discussions.
3
2 Review and complements on sheaves on the
subanalytic site and formal extensions
For the background on sheaves on the subanalytic site and Propositions
2.1 and 2.2 below an we refer to [6] ( also to [3] for a detailed study). For the
background on formal extensions we refer to [9] and also [1] for the formal
extension of the temperate cohomology functor.
2.1 Sheaves on the subanalytic site
Let K be a unital Noetherian ring which we assume to have finite global
dimension. In practice, throughout this paper, K will be C or C[[~]].
Given a sheaf R of K-algebras on a topological space X , or more gener-
ally, on a site, we denote by Mod(R) the category of left R-modules. We
use the notations D(R) for the derived category of Mod(R) and Db(R) for
its bounded derived category. We denote by Dbcoh(R) the full triangulated
subcategory of Db(R) consisting of objects with coherent cohomology.
For a real analytic manifoldX , we denote by ModR−c(KX) (resp. ModcR−c(KX))
the category of R-constructible sheaves (resp. with compact support) of K-
modules. We denoteDbR−c(KX) the bounded derived category of ModR−c(KX)
of objects having R-constructible cohomology. For F ∈ DbR−c(KX) we note
D
′
(F ) the object RHomKX (F,KX).
We also denote by DbX the sheaf of Schwartz distributions, by C
∞
X the
sheaf of C∞ functions, by AX the sheaf of real analytic functions and by AνX
the sheaf of real analytic densities.
Let Xsa denote the associated subanalytic site to a real analytic manifold
X , that is, the presite Op(Xsa) of subanalytic open subsets of X endowed
with the Grothendieck topology for which the coverings are those admitting
a finite sub-covering. Recall that one has a natural morphism of sites ρ :
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X → Xsa which induces functors
Mod(CX)
ρ∗
⇄
ρ−1
Mod(CXsa),
and we still denote by ρ∗ the restriction of ρ∗ to ModR-c(CX) and to ModcR-c(CX).
Recall that ρ∗ is left exact and that it induces an exact functor on ModR−c(CX).
Thereby we identify F and ρ∗(F ). Moreover, the functor ρ
−1 is left adjoint
to ρ∗ and ρ
−1 admits a left adjoint, denoted by ρ!. Recall that ρ!F is the
sheaf on Xsa associated to the presheaf U → F (U), for U ∈ Op(Xsa).
Proposition 2.1. Let {Fi}i∈I be a filtrant inductive system in Mod(CXsa)
and let U be a relatively compact subanalytic open subset of X. Then:
lim
−→
i∈I
Γ(U ;Fi)
∼
−→ Γ(U ; lim
−→
i∈I
Fi).
Proposition 2.2. Let F = lim
−→
i∈I
Fi with Fi ∈ Mod(CXsa) and let G ∈ D
b
R−c(CX).
One has:
RkHom(G,F ) ≃ lim
−→
i∈I
RkHom(G,Fi),
for each k ∈ Z.
Recall that the functor ρ∗ does not commute with direct sums in general.
However, this is true when considering a direct sum of copies of a same R-
constructible module, which will suffice for our purposes. For a set of indexes
I, let us set F⊕I := ⊕i∈IFi with Fi = F .
More precisely, we have the following property:
Lemma 2.3. Let F be an object of ModR−c(CX). Then for any set I of
indexes one has:
ρ∗(F
⊕I) ≃ (ρ∗F )
⊕I
in ModXsa(CX).
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Proof. Every object F ∈ ModR−c(CX) admits a finite resolution of the form:
0→ ⊕
i∈I1
CU1,i → · · · → ⊕
i∈Im
CUm,i → 0, (1)
by locally finite families {Uk,ik}k,ik of relatively compact open subanalytic sets
of X (see Appendix of KS2). Since the functor (·)⊕I is exact on Mod(CX),
we have a quasi-isomorphism:
F⊕I ≃
qis
0→ ⊕
i∈I1
(CU1,i)
⊕I → · · · → ⊕
i∈Im
(CUm,i)
⊕I → 0 (2)
in Mod(CX). On the other hand, R-constructible sheaves are injective with
respect to the functor ρ∗, which entails a quasi-isomorphism
ρ∗F ≃
qis
0→ ⊕
i∈I1
ρ∗CU1,i → · · · → ⊕
i∈Im
ρ∗CUm,i → 0, (3)
in Mod(CXsa), hence a quasi-isomorphism
(ρ∗F )
⊕I ≃
qis
0→ ⊕
i∈I1
(ρ∗CU1,i)
⊕I → · · · → ⊕
i∈Im
(ρ∗CUm,i)
⊕I → 0 (4)
in Mod(CXsa). Since weakly R−constructible sheaves are also injective with
respect to the functor ρ∗, we obtain a quasi-isomorphism
ρ∗(F
⊕I) ≃
qis
0→ ⊕
i∈I1
ρ∗(CU1,i)
⊕I → · · · → ⊕
i∈Im
ρ∗(CUm,i)
⊕I → 0 (5)
in Mod(CXsa). Therefore, we are reduced to prove that ρ∗(C
⊕I
U ) ≃ (ρ∗CU)
⊕I ,
for any relatively compact open subanalytic subset U ⊂ X . This will follow
if we prove that, for each relatively compact open subanalytic subset V ⊂ X ,
there exists a finite covering {Vi}i of V by open subanalytic sets Vi such that
Γ(Vi; ρ∗(C
⊕I
U )) ≃ Γ(Vi; (ρ∗CU)
⊕I).
Indeed, since direct sums are a particular case of inductive limits, by
Proposition 2.1 we have, for any relatively compact Ω ∈ Op(Xsa):
Γ(Ω; (ρ∗CU)
⊕I) ≃ Γ(Ω;CU)
⊕I .
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Therefore, by the isomorphism C⊕IU ≃ (C
⊕I)U , we have to prove that there
exists a finite covering {Vi}i of V by open subanalytic sets Vi
Γ(Vi; (C
⊕I)U) ≃ Γ(Vi;CU)
⊕I .
In the rest of the proof we shall use K to denote either C or C⊕I and we
follow the notations of [7] for constructibility on a simplicial complex.
Let us consider the subanalytic stratification of X given by
(U ∩ V ) ⊔ (U\V ) ⊔ (V \U) ⊔ (X\(U ∪ V )).
By the triangulation theorem (cf [7]) there exist a simplicial complex (S,∆)
and a homeomorphism i : |S| → X compatible with the stratification above
such that V is a finite union of connected open subanalytic sets of the form
i(U(σ)) = i(
⋃
τ∈∆,τ⊇σ |τ |). More precisely, V =
⋃
i(|σ|)⊂V i(U(σ)). On the
other hand, given σ ∈ ∆ such that i(|σ|) ⊂ V , and x ∈ |σ|, by Proposition
8.1.4 of [7] we get:
Γ(i(U(σ));KU) ≃ Γ(U(σ); i
−1KU) ≃
(
i−1KU
)
x
≃ (KU)i(x),
since i−1KU is a weakly S-constructible sheaf. Therefore
Γ(i(U(σ));KU ) ≃

K, if i(|σ|) ⊂ U0, if i(|σ|) * U ,
which entails the desired isomorphism, taking as (Vi) the covering by (i(U(σ)))
of V . q.e.d.
We shall now give a short overview on the Whitney functor ([8]), denoted
by
w
⊗, and on the tempered cohomoloy functor, denoted by tHom (introduced
in [5] and detailedly studied in [8]).
The Whitney functor, denoted by (·)
w
⊗ C∞X , is a functor from D
b
R−c(CX)
to Db(DX), inducing an exact functor from ModR−c(CX) to Mod(DX), and
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such that, for U open subanalytic in X ,
CU
w
⊗ C∞X = I
∞
X,X\U ,
the sheaf of C∞ functions on X vanishing up to infinite order on X\U .
If L is a AX-locally free module of finite rank, one sets
F
w
⊗ (C∞X ⊗
AX
L) := (F
w
⊗ C∞X ) ⊗
AX
L.
The tempered distribution cohomology functor, denoted by tHom(·,DbX)
a functor fromDbR−c(CX) toD
b(DX), inducing an exact functor fromModR−c(CX)
to Mod(DX) and such that, for Z closed subanalytic in X ,
tHom(CZ ,DbX) = ΓZ(DbX),
the sheaf of Schwartz distributions supported by Z.
One notes tHom(·,DbνX) := tHom(·,DbX) ⊗
AX
AνX .
These two functors are extended as sheaves on the subanalytic site Xsa
([9]) as follows:
Let C∞,wXsa denote the sheaf on Xsa of Whitney C
∞-functions, that is, the
sheaf defined by:
U 7→ Γ(X ;RHom(CU ,CM)
w
⊗ C∞X ).
Let DbtXsa denote the sheaf on Xsa of tempered distributions, that is, the
sheaf defined by:
U 7→ Γ(X ; tHom(CU ,DbX)).
We have the following isomorphisms in Db(DX):
For F ∈ DbR−c(CX),
F
w
⊗ C∞X ≃ ρ
−1(RHom(D′(F ), C∞,wXsa ))
and
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tHom(F,DbX) ≃ ρ
−1(RHom(F,DbtXsa)).
For a complex analytic manifold X , we denote by DX the sheaf of dif-
ferential operators of finite order, by OX the sheaf of holomorphic functions
and by ΩX the sheaf of holomorphic differential forms of maximal degree.
Considering the complex conjugate structure in X and denoting it by X , one
defines the following sheaves on Xsa:
The sheaf of holomorphic Whitney functions, OwXsa , given by
OwXsa = RHomρ!DX(ρ!OX , C
∞,w
Xsa
).
The sheaf of tempered holomorphic functions, OtXsa , given by
OtXsa = RHomρ!DX (ρ!OX ,Db
t
Xsa
).
2.2 Review on formal extensions and the formal tem-
pered cohomology functor
Let R be a Z[~]-algebra such that ~ : R → R is injective (i.e, R is free of
~-torsion.) We note Rloc := Z[~, ~−1]⊗Z[~] R, and R0 := R/~R. We obtain
the functors
(·)loc : Mod(R)→ Mod(Rloc),M→Mloc := Rloc ⊗RM,
which is exact, and
gr~ : D(R)→ D(R0),M→ gr~(M) = R0
L
⊗RM.
Recall thatM ∈ D(R) is cohomologically ~-complete if RHomR(Rloc,M) =
0. We say that a Z[~]-module M is ~-complete if M → lim
←−
j≥0
M/~jM is an
isomorphism.
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Proposition 2.4. The functor gr~ is conservative on the category of co-
homologically ~-complete objects, that is, if M ∈ D(R) is cohomologically
~-complete and gr~(M) = 0, then M = 0.
Proposition 2.5. For a given cohomologically ~-complete objectM ∈ D(R),
for any N ∈ D(R), RHomR(N ,M) is cohomologically ~-complete.
We set C~ to shortly denote the ring C[[~]] of formal power series in the
~ variable and set C~,loc := C((~)) ≃ C[~−1, ~]] the field of fractions of C~.
Recall the (left exact) functor of formal extension (·)~ : Mod(CX) →
Mod(C~X), defined by
F → F ~ := lim
←−
j≥0
(F ⊗ C~X/~
jC~X).
We denote by (·)R~ its right derived functor.
Proposition 2.6. For any F ∈ Db(CX), its formal extension FR~ is coho-
mologically ~-complete.
Proposition 2.7. Let I be either a basis of open subsets of a site X or,
assuming that X is a locally compact topological space, a basis of compact
subsets. Denote by JI the full subcategory of Mod(CX) consisting of I-
acyclic objects, i.e., sheaves N for which Hk(S;N ) = 0 for all k > 0 and all
S ∈ I. Then JI is injective with respect to the functor (·)~. In particular,
for N ∈ JI, we have N
~ ≃ NR~.
The following result which is contained in [1], Lemma 2.3:
Lemma 2.8. Assume that R is a CX-algebra. Then, for M,N ∈ Db(R),
we have an isomorphism in Db(C~X)
RHomR(M,N )
R~ ≃ RHomR(M,N
R~).
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We recall the properties of the functor (·)R~ proved in [1] in view of the
subanalytic site.
Lemma 2.9. (i) The functors ρ−1 and (·)R~ commute, that is, for G ∈
Db(CXsa) we have (ρ
−1G)R~ ≃ ρ−1(GR~) in Db(C~X).
(ii) The functors Rρ∗ and (·)R~ commute, that is, for F ∈ Db(CX) we have
(Rρ∗F )
R~ ≃ Rρ∗(FR~) in Db(C~Xsa).
Lemma 2.10. Given F ∈ DbR−c(C
~
X), F is isomorphic to a complex:
0→ ⊕
i∈I1
C~U1,i → · · · → ⊕
i∈Im
C~Um,i → 0, (6)
for locally finite families {Uj,i}j,i of relatively compact subanalytic open sub-
sets of X.
Lemma 2.11. For F ∈ DbR−c(CX), we have F
R~ ≃ F ~ ≃ C~X ⊗ F .
Recall that a resolution of F as in Lemma 2.10 is called an “almost free”
resolution.
The sheaves C∞,t,~Xsa ,Db
t,~
Xsa
and Ot,~Xsa on Xsa were studied in [1], and proved
to be cohomologically ~-complete. The authors also introduced the formal
extension of tHom(·,OX), the functor of tempered holomorphic cohomology,
and noted it TH~(·) : DbR−c(C
~
X)→ D
b(DX) by setting
F → TH~(F ) := ρ
−1RHomC~
Xsa
(ρ∗F,O
t,~
Xsa
),
hence, for any F ∈ DbR−c(C
~
X), TH~(F ) is cohomologically ~-complete.
3 Topological Duality
We say that a (real or complex) topological vector space is of type FN if
it is Fre´chet nuclear and we use the notation DFN for the strong dual of a
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Fre´chet nuclear space. Moreover, we shall say that two complexes V • andW •
of topological vector spaces of type FN and DFN, respectively, are dual to
each other if each entry W−i of W • is the topological dual of the entry V i of
V • and the morphism wi : W−i−1 → W i is the transpose of vi : V i → V i+1.
Noticing that C[[~]] is a FN topological C-vector space, it is well known
that C[[~]] and the quotient C((~))/C[[~]] are in perfect duality, the duality
being given by 〈f, g〉 = Res~=0(fg). Namely, given V a FN topological C-
vector space, V ~, being a product, is still FN. In addition, noting V ∗ its strong
topological dual, since the topological dual of a countable direct sum is the
product of the topological duals, V ~ and V ∗⊗C((~))/C[[~]] are topologically
dual to each other, the last one being a DFN space.
4 Formal extension of the Whitney functor
Let X be a real analytic manifold.
Definition 4.1. The sheaf of formal Whitney C∞X functions is the object of
Mod(C~Xsa) given by
C∞,w,~Xsa := (C
∞,w
Xsa
)~.
Recall that RΓ(U ; C∞,wXsa ) ≃ RΓ(X ;D
′CU
w
⊗ C∞X ), for all open subanalytic
subsets U of X (see [3]). Therefore, for those U such that D′CU is concen-
trated in degree zero (for instance the so called locally cohomologically trivial
(l.c.t) subanalytic open subsets), D′CU
w
⊗C∞X being a soft sheaf, RΓ(U ; C
∞,w
Xsa
)
is concentrated in degree zero. Since l.c.t. open subanalytic sets form a basis
for the site Xsa, we have, by Proposition 2.7:
C∞,w,~Xsa ≃ (C
∞,w
Xsa
)R~. (7)
Therefore, since formal extensions are cohomologically ~-complete (see
Proposition 2.2 of [1]), C∞,w,~Xsa is cohomologically ~-complete.
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Let D′~ denote the functor D
b(C~X)
op → Db(C~X), F 7→ RHomC~X (F,C
~
X).
Definition 4.2. We define the “formal extension of Whitney functor”
(·)
w,~
⊗ C∞X : D
b
R−c(C
~
X)→ D
b(C~X),
as the composition of derived functors
F 7→ F
w,~
⊗ C∞X := ρ
−1RHomC~
Xsa
(ρ∗(D
′
~F ), C
∞,w,~
Xsa
).
Since C∞,wXsa belongs to Mod(ρ!DX), the functor ρ
−1 commutes with (·)R~
and ρ−1 ◦ρ! ≃ id, F
w,~
⊗ C∞X is an object of D
b(D~X), in other words, (·)
w,~
⊗ C∞X is
a functor from DbR−c(C
~
X) to D
b(D~X). Moreover, F
w,~
⊗ C∞X is cohomologically
~-complete.
Lemma 4.3. Let F ∈ ModR−c(CX). Then
F ~
w,~
⊗ C∞X ≃ (F
w
⊗ C∞X )
~
in Mod(D~X), hence it is concentrated in degree zero and is a soft sheaf.
Proof. The result follows from (7), Lemmas 2.8 and 2.9 and Proposition 2.7.
q.e.d.
Remark 4.4. Given F ∈ DbR−c(C
~
X), choosing a resolution F
• of F as in
(6), that is, such that each entry F i is isomorphic to a locally finite sum of
C~X -modules of the form C
~
U , with U ∈ Op(Xsa), we obtain that F
w,~
⊗ C∞X is
isomorphic to a bounded complex F •
w,~
⊗ C∞X which provides a soft resolution
of F
w,~
⊗ C∞X . Therefore, for any open subanalytic set U in X
RΓ(U ;F
w,~
⊗ C∞X ) ≃ Γ(U ;F
•
w,~
⊗ C∞X ).
When X is a complex analytic manifold, denoting by X the complex
conjugate manifold of X and by XR the underlying real analytic manifold
identified with the diagonal of X × X , we may also define the ~-version of
the sheaf OwX on Xsa, by setting:
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Definition 4.5.
Ow,~Xsa := RHomρ!DX(ρ!OX , C
∞,w,~
XRsa
).
As a consequence of (7) together with Lemma 2.8 we have:
Ow,~Xsa ≃ (O
w
Xsa
)R~. (8)
We now introduce the formal extension of the holomorphic Whitney func-
tor, (·)
w,~
⊗ OX : D
b
R−c(C
~
X)→ D
b(D~X), by setting:
F
w,~
⊗ OX := ρ
−1RHomC~
Xsa
(ρ∗(D
′
~F ),O
w,~
Xsa
) ≃ RHomρ!DX(ρ!OX , F
w,~
⊗ C∞XRsa).
Therefore, for any F ∈ DbR−c(C
~
X), F
w,~
⊗ OX is cohomologically ~-complete.
Moreover, by Lemmas 2.8 and 2.9 we get
Corollary 4.6. Let F ∈ DbR−c(CX). Then
F ~
w,~
⊗ OX ≃ (F
w
⊗OX)
R~
in Db(D~X).
Recall that one notes byDbrh(DX) the full triangulated category ofD
b
coh(DX)
of the objects having regular holonomic cohomology and by Dbrh(D
~
X) the full
triangulated subcategory of Dbcoh(D
~
X) of the objects M such that gr~(M) ∈
Dbrh(DX). We obtain a comparison result:
Proposition 4.7. Let M ∈ Dbrh(D
~
X) and let F ∈ D
b
R−c(CX). Then, the
natural morphism:
RHomD~
X
(M, (F ⊗OX)
R~)→ RHomD~
X
(M, F ~
w,~
⊗ OX) (9)
is an isomorphism in Db(C~X).
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Proof. Since both sides of the morphism (9) are cohomologically ~-complete
by Propositions 2.5 and 2.6, by Proposition 2.4 it is enough to apply gr~ and
then the result follows by Corollary 4.6 and Corollary 6.2 of [8] which proves
the isomorphism
RHomDX(gr~(M), F ⊗OX) ≃ RHomDX (gr~(M), F
w
⊗OX).
q.e.d.
Remark that Theorem A.9 of [8] entails the existence of almost free res-
olutions in the framework of coherent D~X -modules:
Proposition 4.8. Let M ∈ Dbcoh(D
~
X). Then there exist a family (Uj)j∈J ∈
Op(Xsa), a complex L• ∈ Dbcoh(D
~
X) and a quasi-isomorphism L
• →M, such
that:
(i) Each Uj is relatively compact,
(ii) Each entry Li of L is a locally finite direct sum of the form ⊕
j∈Ji
D~XUj ,
where J =
⋃
i Ji.
5 Polynomial extension of tempered cohomol-
ogy
5.1 The functor of polynomial extension
We set C[~] := C((~))/C~.
For j ∈ Z>0, let us note by C
[~]
j the image of C
~+C[~−1]j in the quotient
C((~))/C~X, where C[~
−1]j denotes the set of complex polynomials of degree
at most j in the ~−1 variable, in other words, C[~]j = (~
−jC~)/C~. Hence, as
a C-vector space, C[~] is isomorphic to the polynomial ring C[~−1]. However,
as a quotient of C((~)), C[~] is not a ring and we shall keep in mind its
C~-module structure.
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Given a sheaf F of C~-modules on a topological space X , or more gener-
ally, a sheaf in Mod(C~X), for a site X (we shall not distinguish these situ-
ations, unless otherwise explicited), one sets F loc := F ⊗
C~
X
CX((~)). Clearly
(·)loc is an exact functor.
For F ∈ Db(C~X) we set F
loc := CX((~))⊗C~
X
F .
Definition 5.1. Given a sheaf F of C~-modules, we denote by F [~] the sheaf
F ⊗
C~
X
C[~]X .
Hence (·)[~] defines a right exact functor on Mod(C~X) and we note (·)
L[~]
its left derived functor. By construction F [~] is a C~X-module with torsion and,
when F has no ~-torsion, F [h] is isomorphic to F loc/F . Note that F [~] is, as
a sheaf of C~-modules, isomorphic to lim
→
j
F ⊗
C~
X
C[~]X j . We set F
[~]
j := F ⊗
C~
X
C[~]X j .
Hence
Γc(X ;F
[~]) ≃ lim
→
j
Γc(X ;F
[~]
j ).
We also have (F [~])U ≃ F
[~]
U , for any open subset U of X .
Clearly, for F ∈ Db(C~X) one has a quasi isomorphism
FL[~] = F
L
⊗C~
X
C[~]X →
QIS
{0→ F → F loc → 0}.
Definition 5.2. We say that F ∈ Db(C~X) is cohomologically ~-torsion if
F loc = 0.
Therefore FL[~] is obviously cohomologically ~-torsion. Indeed
F
L
⊗C~
X
C[~]X ⊗C~X CX((~)) = 0
because C[~]X ⊗C~X CX((~)) = 0.
Let us note gr~F := CX
L
⊗C~
X
F .
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Lemma 5.3. Assume that gr~ = 0 and that F is cohomologically ~-torsion.
Then F = 0, in other words, the functor gr~ is conservative on the subcate-
gory of Db(C~X) of cohomologically ~-torsion objects.
Proof. 1) Let us start by assuming that F is concentrated in degree 0. Then,
since ~ is invertible on F , F is a CX [~−1]-module, a fortiori a C((~))-module.
It follows that F ≃ F loc, hence F = 0.
2) To treat the general case, since Hj(F loc) ≃ Hj(F )loc, the result follows
by 1) applied to Hj(F ). q.e.d.
The first two following results are clear:
Lemma 5.4. Assume that F is cohomologically ~-torsion, Then, for any
G ∈ Db(C~X), G
L
⊗C~
X
F is cohomologically ~-torsion.
Lemma 5.5. Given N ∈ Dbcoh((D
~
X)
op), and F ∈ Db(D~X), with F cohomo-
logically ~-torsion in Db(C~), then N
L
⊗D~
X
F is cohomologically ~-torsion.
Remark 5.6. For any F ∈ ModR−c(CX), F ~ is ~-torsion free, hence ((·)~)[~]
induces an exact functor on ModR−c(CX).
Notation. For the sake of simplicity, for (·)~-acyclic objects G ∈ Mod(CX),
((G)~)[~] will be denoted by G[~].
Lemma 5.7. Assume that H ∈ Db(CX) is (·)~-acyclic and that H~ is a com-
plex of ~-torsion free modules. Let F ≃ H [~]. Then, for any G ∈ DbR−c(C
~
X),
RHomC~
X
(G,F ) is cohomologically ~-torsion.
Proof. Since the statement is of local nature, we may replace G by an almost
free resolution G• such that each entry Gi is a locally finite direct sum of
sheaves of the form C~Ωij , for given open subanalytic sets Ωij . Therefore
RHomC~
X
(G,F ) is isomorphic to Hom(G•, H)[~] which is cohomologically ~-
torsion, and the result follows.
q.e.d.
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5.2 Polynomial extension of tempered cohomology
Let us now assume that X is a real analytic manifold and let Xsa the asso-
ciated subanaytic site. We shall also keep the notation (·)L[~] for the corre-
sponding functor Db(C~Xsa)→ D
b(C~Xsa).
Lemma 5.8. (i) For F ∈ DbR−c(C
~
X), one has ρ∗(F
L[~]) ≃ (ρ∗F )L[~].
(ii) The functors ρ−1 and (·)[~] commute, more precisely, for all F ∈ Db(C~X),
one has ρ−1(FL[~]) ≃ (ρ−1F )L[~] and, for any G ∈ Db(CX), one has
ρ−1(F ⊗ C[~]X ) ≃ (ρ
−1F )⊗ C[~]X .
Proof. (i) By Lemma 2.10 it is enough to prove that, for any open suban-
alytic relatively compact set U , ρ∗(C
[~]
U ) ≃ (ρ∗C
~
U)
[~]. This is an immediate
consequence of Lemma 2.3 and the fact that ρ∗ commutes with formal ex-
tension.
(ii) The result follows from Lemma 2.10 and the fact that the functor ρ−1
commutes with inductive limits. q.e.d.
We define Dbt,[~]Xsa := (Db
t,~
Xsa
)[~].
Since DbtXsa is (·)
~-acyclic and Dbt,~Xsa is ~-torsion free we get:
Dbt,[~]Xsa ≃ (Db
t
Xsa
)
[~]
.
Lemma 5.9. For all F ∈ DbR−c(CX) the natural morphism
ρ−1RHomCXsa (F,Db
t,[~]
Xsa
)→
(
ρ−1RHomCXsa (F,Db
t
Xsa
)
)
⊗ C[~]X (10)
is an isomorphism in Db(C~X) and, if F is in degree zero, ρ
−1RHomCXsa (F,Db
t,[~]
Xsa
)
is concentrated in degree zero.
Proof. For each k ∈ Z, by Proposition 2.2, one has
RkHomCXsa (F,Db
t,[~]
Xsa
) ≃ RkHomCXsa (F,Db
t
Xsa
)⊗ C[~]X . (11)
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Therefore, morphism (10) is an isomorphism.
Now, suppose that F is in degree zero. Then RHomCXsa (F,Db
t
Xsa
) is con-
centrated in degree 0. Hence RHomCXsa (F,Db
t
Xsa
)⊗C[~]X is also concentrated
in degree 0. q.e.d.
Definition 5.10. The functor of polynomial extension of tempered distribu-
tions, noted TDb[~](·), is the functor DbR−c(C
~
X)→ D
b(C~X) defined by
TDb[~](F ) := ρ−1RHomC~
Xsa
(ρ∗F,Db
t,[~]
Xsa
).
Since Dbt,[~]Xsa belongs to Mod(ρ!(DX)
~) it follows that TDb[~](F ) is an
object of Db(D~X). In other words, TDb
[~](·) is a functor from DbR−c(C
~
X) to
Db(D~X).
By Lemma 5.7, TDb[~](F ) is cohomologically ~-torsion.
Remark 5.11. Let F ∈ DbR−c(CX). Since
ρ−1RHom(F,DbtXsa) ≃ tHom(F,DbX),
Lemma 5.9 says nothing more than TDb[~](F ~) is isomorphic to tHom(F,DbX)⊗
C[~]X . Moreover the isomorphism is compatible with the structure of D
~
X-
modules.
In particular, since tHom(CU ,DbX)⊗ C
[~]
X , being a C
∞
X -module, is a soft
sheaf, we have that RΓ(U ;Dbt,[~]Xsa) ≃ RΓ(X ; tHom(CU ,DbX) ⊗ C
[~]
X ) is con-
centrated in degree zero. Namely, if U is relatively compact,
Γ(U ;Dbt,[~]Xsa) ≃ Γ(U ;Db
t
Xsa
)⊗ C[~]X
by Proposition 2.1.
Remark 5.12. For any F ∈ DbR−c(C
~
X), choosing a resolution of F as in (6),
we conclude that TDb[~](F ) is isomorphic to a bounded complex TDb[~](F •)
such that each entry is isomorphic to a locally finite sum of C∞X -modules of
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the form TDb[~](C~U), with open subanalytic sets U . This provides a soft
resolution of TDb[~](F ). Namely, for any open subanalytic set U in X , we
have
RΓc(U ;TDb
[~](F )) ≃ Γc(U ;TDb
[~](F •))
and
RΓ(U ;TDb[~](F )) ≃ Γ(U ;TDb[~](F •)).
We obtain a functor of polynomial extension of tempered holomorphic
functions
TH [~](·) : DbR−c(C
~
X)→ D
b(D~X),
by setting
F 7→ ρ−1RHomC~
Xsa
(ρ∗F,O
t,[~]
Xsa
).
Clearly, we have, for F ∈ DbR−c(C
~
X),
TH [~](F ) ≃ RHomD
X
(OX , TDb
[~](F )).
In particular, TH [~](F ) is cohomologically ~-torsion.
Therefore, TDb[~](·) can be understood as the polynomial extension of
the functor tHom(·;DbX) and TH
[~](·) can be understood as the polynomial
extension of the functor tHom(·;OX).
Remark 5.13. Let F ∈ DbR−c(CX). Since one has
ρ−1RHom(F,OtXsa) ≃ tHom(F,OX),
it follows that TH [~](F ~) is isomorphic to tHom(F,OX) ⊗ C
[~]
X hence it is
cohomologically ~-torsion. In particular, if U is Stein subanalytic relatively
compact, and X is a Stein manifold
RΓ(U ;Ot,[~]Xsa) ≃ RΓ(X ;TH
[~](C~U))
is concentrated in degree 0.
All these isomorphisms are compatible with the structure of D~X-modules.
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As an application we obtain the following comparison result:
Proposition 5.14. Let M ∈ Dbrh(DX) and let F ∈ D
b
R−c(C
~
X). Then, the
natural morphism:
RHomD~
X
(M, TH [~](F ))→ RHomD~
X
(M, RHomC~
X
(F,O[~]X )) (12)
is an isomorphism in Db(C~X).
Proof. Recall that TH [~](F ) is cohomologically ~-torsion. We have
RHomD~
X
(M, TH [~](F )) ≃ RHomD~
X
(M,D~X)⊗D~X TH
[~](F ),
RHomD~
X
(M, RHomC~
X
(F,O[~]X )) ≃ RHomD~X (M,D
~
X)⊗D~XRHomCX (F,O
[~]
X ).
By lemmas 5.5 and 5.7, both sides of (12) are cohomologically ~-torsion.
The proof then follows by Lemma 5.3 and the isomorphism
RHomDX(M, tHom(F,OX))→ RHomDX(M, RHom(F,OX))
proved in [5]. q.e.d.
To end this section, we remark that our perspective here is to work in the
framework ofC~-algebras, or sheaves of modules over such algebras. However,
the polynomial extensions of OX or of DX as well the associated categories of
modules, have their own interest, but we shall not develop here such theory.
Let us just remark some obvious facts. D[~]X is a flat DX -module and O
[~]
X
is a flat OX-module. We may endow D
[~]
X with the filtration Fm(D
[~]
X ) image
of Fm(DX)[~−1] in D
[~]
X , where (Fm(DX))m≥0 denotes the filtration on DX by
the usual order.
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6 Duality for formal and polynomial exten-
sion functors
We shall now state and prove our main results.
Let X be a real analytic manifold. As proved in [5], Lemma 4.3, given
F ∈ DbR−c(CX), for any open subanalytic set U , Γ(U ;F
w
⊗ C∞X ) is a complex
of FN spaces, Γc(U ; tHom(F,DbνX)) is a complex of DFN spaces and they
are dual to each other. From this we get that Γ(U ; C∞,~X ) is a FN topological
vector space, Γc(U ;Db
[~]
X ) ≃ Γc(X ;DbX) ⊗ C
[~]
X is a DFN topological vector
space, and they are dual to each other.
Let us now consider F ∈ DbR−c(C
~
X). We shall denote TDb
[~](F )⊗AX A
ν
X
by TDb[~](F )ν and denote TH [~](F )⊗OX ΩX by TH
[~](F )ν .
Proposition 6.1. Let F ∈ DbR−c(C
~
X). Then:
1. RΓ(X ;F
w,~
⊗ C∞X ) is isomorphic to a complex of FN spaces.
2. RΓc(X ;TDb
[~](F )ν) is isomorphic to a complex of DFN spaces.
3. The complexes respectively described in (1) and in (2) can be chosen
as to be dual to each other.
Proof. 1. We shall adapt the argument of Proposition 2.2 of [8].
a) By Lemma 4.3 and Proposition 2.2 of (loc.cit), the assertion is true
for F = C~U , with arbitrary U opens subanalytic, since Γ(X ; (CU
w
⊗ C∞X )
~) ≃
Γ(X ; (CU
w
⊗ C∞X ))
~.
b) Now assume that F has compact support. Then, by Lemma 2.10, F
is quasi-isomorphic to a bounded complex :
F • : · · · → F−1 → F 0 → 0
where F 0 is in degree 0 and each F i is a finite direct sum of sheaves of
type C~U , U open subanalytic relatively compact. Hence, by a), applying the
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functor Γ(X ; (·)
w,~
⊗ C∞X ) to the complex above, we obtain an isomorphism
RΓ(X ;F
w,~
⊗ C∞X ) ≃ V
•, where of V • is a complex of type FN.
c) To treat the general case, let us take an increasing sequence Zn of
compact subanalytic subsets such that X is the union of the interiors of Zn.
Let us consider a resolution of F , F •, given by Lemma 2.10. For FZn, note
by F •Zn the associated resolution.
Each entry F i of F • being a locally finite direct sum of the form ⊕jiC
~
Uji
,
for relatively compact subanalytic open sets Uji, we have:
F i
w,~
⊗ C∞X ≃ ⊕ji(CUji
w
⊗ C∞X )
~ ≃
∏
ji
(CUji
w
⊗ C∞X )
~,
since the direct sum of a locally finite family of sheaves on Xsa is isomorphic
to the product of the same family. Hence, we get:
Γ(X ;F i
w,~
⊗ C∞X ) ≃
∏
ji
Γ(X ;CUji
w
⊗ C∞X )
~ ≃
∏
ji
(
lim
←−
n
Γ(X ;CUji∩Zn
w
⊗ C∞X )
~
)
≃ lim
←−
n
Γ(X ;F iZn
w,~
⊗ C∞X ).
As a consequence, the complex RΓ(X ;F
w,~
⊗ C∞X ) is isomorphic to the
projective limit of the complexes Γ(X ;F •Zn
w,~
⊗ C∞X ) hence it is of FN type.
2. We shall use a similar argument as in 1.
a’) Let U open subanalytic in X. The assertion for F = C~U is an imme-
diate consequence of Lemma 5.9.
b’) Assume that F is compactly supported and choose a resolution F • of
F as in b) and apply Remark 5.12. Hence RΓc(X ;TDb
[~](F )ν) is isomorphic
to Γc(X ;TDb
[~](F •)ν). Since Γc(X ; ·) commutes with inductive limits, this
entails that RΓc(X ;TDb
[~](F )ν) ≃W • with W • a complex of type DFN.
c’) With the same choice of Zn as in c), note that TDb
[~](F )ν is repre-
sented by the inductive limit of TDb[~](F •Zn)
ν . In fact, each entry F i of F • is
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a locally finite direct sum of the form ⊕jiC
~
Uji
, for subanalytic open sets Uji ,
and we have:
Γc(X ;TDb
[~](F i)ν) ≃ ⊕jiΓc(X ;TDb
[~](CUji )
ν) ≃
≃ ⊕ji
(
Γc(X ; tHom(CUji ,Db)
ν)⊗ C[~]X
)
≃
≃ ⊕ji
(
lim
−→
n
Γc(X ; tHom(CUji∩Zn ,DbX)
ν)⊗ C[~]X
)
≃ lim
−→
n
Γc(X ;TDb
[~](F iZn)
ν),
which entails that Γc(X ;TDb
[~](F )ν) is isomorphic to a complex of type DFN.
3. Let us choose an almost free resolution of F , F •, as above, and let
us choose an increasing sequence Zn of compact subanalytic subsets such
that X is the union of the interiors of Zn. By Lemma 4.3 of [8], for each
F i, Γ(X ;F iZn
w,~
⊗ C∞X ) is FN, Γc(X ;TDb
[~](F iZn)
ν) is DFN and they are dual
to each other. The proof follows by remarking that the topological dual of
lim
←−
n
Γ(X ;F iZn
w,~
⊗ C∞X ) is lim
−→
n
Γc(X ;TDb
[~](F iZn)
ν) and conversely.
q.e.d.
Let now X be a complex manifold of dimension dX , let C
∞,(0,•)
X denote
the complex of conjugate differential forms with coefficients in C∞X and recall
that
F
w,~
⊗ C∞,(0,•)X := (F
w,~
⊗ C∞X )⊗AX C
∞,(0,•)
X .
Then, for any F ∈ DbR−c(C
~
X),
F
w,~
⊗ OX ≃ F
w,~
⊗ C∞,(0,•)X . (13)
Indeed, by taking an almost free resolution of F , we may assume that F = G~,
with G ∈ ModR−c(CX). In that case,
F
w,~
⊗ OX ≃ G
~
w,~
⊗ OX ≃ (G
w
⊗OX)
~ ≃ (G
w
⊗ C∞,(0,•)X )
~ ≃ G~
w
⊗ C∞,(0,•)X .
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Similarly, consider the resolution Db(n,n−•)X of ΩX [dX ]. We set
TDb[~](F )⊗AX Db
(n,n−•)
X := TDb
[~](F )(n,n−•).
Therefore, we get
TH [~](F )ν [dX ] ≃ TDb
[~](F )(n,n−•). (14)
Theorem 6.2. Let M∈ Dbcoh(D
~
X) and let F,G ∈ D
b
R−c(C
~
X). Then:
1. We can define RΓ(X ;RHomD~
X
(M
L
⊗C~ G,F
w,~
⊗ OX)) as an object of
Db(FN), functorially with respect to M, F and G.
2. We can define RΓc(X ;TH
[~](F )ν [dX ]
L
⊗DX~ (M
L
⊗C~ G)) as an object of
Db(DFN) functorially with respect to M, F and G.
3. The objects described in (1) and (2) can be constructed in such a way
that they are dual to each other.
Proof. We shall essentially follow the method of the proof of Theorem 6.1 of
[8].
Applying Proposition 4.8 let us choose L(M) an almost free resolution
ofM, and by Lemma 2.10, let us choose L(G), L(F ) almost free resolutions
of G and F respectively.
1. Note that, for any H ∈ ModR−c(CX) and any k ≥ 0,
Γ(X ;HomD~
X
(L(M)⊗C~
X
L(G), H~
w,~
⊗C∞,(0,k)X )) ≃ Πi,jΓ(Ui∩Vj ;H
~
w,~
⊗C∞,(0,k)X ),
for adequate choice of open subanalytic relatively compact open sets Ui and
Vj (defined by L(M) and L(G)).
We have
RΓ(X ;RHomD~
X
(M
L
⊗C~
X
G,F
w,~
⊗OX)) ≃ Γ(X ;HomD~
X
(L(M)⊗C~
X
L(G),L(F )
w,~
⊗C∞,(0,•)X ))
(15)
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The result then follows by 1. of Proposition 6.1.
2. The proof goes similar to the proof of 1. Replace TH [~](F )ν[dX ] by
the isomorphic complex TDb[~](F )(n,n−•).
Noting that, for any H ∈ ModR−c(CX),
Γc(X ;TDb
[~](H~)(n,n−k)⊗D~
X
(L(M)⊗C~
X
L(G))) ≃ ⊕i,jΓc(Ui∩Vj ;TDb
[~](H~)(n,n−k))
the proof follows by 2. of Proposition 6.1.
3. The proof follows straightforwardly from 1. and 2. above and 3. of
Proposition 6.1. q.e.d.
Example 6.3. Let us consider the Example 8.5 of [1]. Let X be R with the
coordinate x and consider the coherent D~X-module defined by the equation
x − ~∂x, M = D~X/〈x − ~∂x〉. As proved in loc.cit, M is isomorphic as a
D~X-module to N = D
~
X/〈x〉.
Let F = CZ , where Z = {0}. Then C~{0}
w,~
⊗ C∞X is given by the exact
sequence
0→ (I∞X,{0})
~ → C∞,~X → C
~
{0}
w,~
⊗ C∞X → 0.
Recall that a section of C~{0}
w
⊗ C∞X is given by (λj)j≥0, λj ∈ C corresponding
to f ∈ C∞X satisfying ∂
(j)
x (f)(0) = λj. The action of x on C~{0}
w,~
⊗ C∞X ≃
(C~{0}
w
⊗ C∞X )
~ is induced by the action of x in C{0}
w
⊗ C∞X which is given by
x(λj) = (µj) = (jλj−1) for j ≥ 0. Therefore,
Γ(X ;HomD~
X
(M,C~{0}
w,~
⊗ C∞X )) = 0
and
Γ(X ; Ext1D~
X
(M,C~{0}
w,~
⊗ C∞X )) ≃ C
~.
On the other hand, the action of x on Γ{0}(Db)
[~] is induced by the action of
x on Γ{0}(DbX) which is given by x
∑
i≥0 λiδ
(i)(x) =
∑
i≥1 λi(−i)δ
(i−1)(x).
Hence
Γ(X ;HomD~
X
(M,Γ{0}(Db
[~]
X ))) ≃ (Cδ(x))
[~]
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and Γ(X ; Ext1
D~
X
(M,Γ{0}(Db
[~]
X ))) = 0.
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